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We consider the tensor formulation of the non-linear O(2) sigma model and its gauged version
(the compact Abelian Higgs model), on a D-dimensional cubic lattice, and show that tensorial
truncations are compatible with the general identities derived from the symmetries of these models.
This means that the universal properties of these models can be reproduced with highly simplified
formulations desirable for implementations with quantum computers or for quantum simulations
experiments. We discuss the extensions to global non-Abelian symmetries, discrete symmetries and
pure gauge Abelian models.
I. INTRODUCTION
There has been a lot interest for tensorial formulations
of lattice models in the context of the renormalization
group method [1–21]. Tensor formulations provide a new
approach of lattice models that we call tensor field the-
ory (TFT). TFT should not be confused with theories
involving fields that in the continuum have more than
one Lorentz index, for instance the Kalb-Ramond field
[22], and are often called “tensor fields”. For theories
with compact fields like the nonlinear sigma models and
Wilson lattice gauge theories, the tensor reformulation
relies on character expansions and is always discretized
[7]. This is suitable for quantum computations or quan-
tum simulations [23–25]. In practical situations such
as Tensor Renormalization Group (TRG) calculations,
truncations of infinite sums appearing in the TFT for-
mulation of models with continuous symmetries are nec-
essary. This can be achieved by discarding contributions
to the partition function or observable averages that in-
volve tensor indices larger than some cut-off value nmax.
Concrete examples will be given in Secs. III and IV.
A truncation procedure can be understood as a reg-
ularization and we need to ask if the regularization is
compatible with the symmetries of the theory or if it
generates what we call anomalies. As far as the univer-
sal behavior is concerned, we expect that if truncations
preserve the symmetries, one should be able to obtain
the properties associated with the universality classes by
taking the contiunuum limit using a considerably simpli-
fied microscopic formulation. In other words, we could
use drastic truncations of the sums such that at each
site, link or plaquettes only a few values of the indices
are kept. This is very important when the computational
units available to represent the local degrees of freedom,
such as qubits or trapped atoms, are in limited supply.
In the following, we discuss identities associated with
global and local symmetries in the Lagrangian approach
of lattice models and examine their compatibility with
truncations. We focus on two related examples with a
continuous Abelian symmetry: the O(2) nonlinear sigma
model and the compact Abelian Higgs model. We also
connect with the Hamiltonian formulation by taking the
time continuum limit. In the Hamiltonian approach, it
is sufficient to check that the generators of symmetry
groups commute with the Hamiltonian. We want to em-
phasize that the Lagrangian approach used in the TRG
and followed here is more general and that we will not
rely on infinitesimal transformations as in the traditional
Noether’s approach. The compatibility of the symmetries
with truncations in TFT is a frequently asked question
and we think that it is important to collect basic results
about this question in situations where compact field in-
tegrations are replaced by discrete sums.
The article is organized as follows. In Sec. II, we in-
troduce simple identities that are valid for global or local
symmetries appearing in generic lattice models. In Sec.
III, we discuss the nonlinear O(2) sigma model in arbi-
trary dimension. This is an example of a model with a
continuous global Abelian symmetry. In Sec. IV, we con-
sider the gauged version of the O(2) model, the compact
Abelian Higgs model. In both cases, we find conclusive
evidence that truncations fully preserve the symmetries
of the model. Extensions to discrete symmetries, global
non-Abelian symmetries and pure gauge Abelian theories
are discussed in Sec. V. In the conclusions, we summarize
the results, provide an intuitive picture and emphasize
the practical implications of the results.
II. IMPLICATIONS OF SYMMETRIES FOR
LATTICE MODELS
In this section, we consider a generic lattice model with
action S[Φ], where Φ denotes a field configuration of fields
φℓ attached to locations ℓ which can be sites, links, pla-
quettes or higher dimensional objects. Additional indices
possibly attached to the fields are kept implicit. The par-
tition function reads
Z =
∫
DΦe−S[Φ], (1)
with DΦ the measure of integration over the fields. The
average value of a function of the fields f(Φ) is defined
as
〈f(Φ)〉 =
∫
DΦf(Φ)e−S[Φ]/Z. (2)
2We define symmetries as field transformations
φℓ → φ
′
ℓ = φℓ + δφℓ[Φ], (3)
that preserve the action and the integration measure:
DΦ′ = DΦ and S[Φ′] = S[Φ]. (4)
These symmetries can be global or local. In all the ex-
amples we know, these symmetries form a group and the
invariance is valid for any group element and not only for
infinitesimal transformations. Changing variable from Φ
to Φ′ and using the symmetry properties of Eq. (2), we
find the intuitively clear result:
〈f(Φ)〉 = 〈f(Φ + δΦ)〉. (5)
Can this simple expression of the symmetries be used
to derive the existence of conserved quantities for global
continuous symmetries as in Noether’s theorem? In clas-
sical mechanics, if a transformation δqi of generalized co-
ordinates qi leaves the action invariant, then after using
the equation of motion, we obtain conservation law:
d
dt
(
∂L
∂q˙i
δqi) = 0. (6)
The use of the equations of motion guarantees that the
variation δqi has no effect except at the initial and final
times where unlike what is done in the variational pro-
cedure δqi are not required to vanish. Consequently, the
two individual surface terms do not vanish and are equal
to the conserved quantity.
In field theory, a similar procedure leads to a relativis-
tically invariant current conservation
∂µJ
µ(x) = ~∇. ~J + ∂ρ/∂t = 0, (7)
which has the form of a continuity equation. By consid-
ering its integration between two time slices with spatial
boundary conditions such that the spatial current does
not flow outside the region of integration, one obtains
that the integral of the charge density over a time slice
is a constant of motion.
In the following, we will show that Eq. (5) can ac-
tually be obtained as a global consequence of a conti-
nuity equation encoded in the local tensors used in the
reformulation. We will not need to use the equations of
motion explicitly. In the generic formulation used above,
the equations of motions are obtained by varying a single
local variable φℓ:
φℓ → φ
′
ℓ = φℓ + α. (8)
Assuming that the DΦ is invariant under this shift and
that the action changes by an amount ∆ℓ,αS, we obtain
that
〈e−∆ℓ,αS〉 = 1. (9)
Taking the derivative with respect to α and setting α = 0,
we obtain the lattice equation of motion
〈∂S/∂φℓ〉 = 0. (10)
III. EXAMPLE 1: THE O(2) MODEL
A. The model and its symmetry
As a first example we consider a lattice model with
a global continuous Abelian symmetry: the non linear
O(2) sigma model. This is a generalization of the Ising
model where the spins are two-dimensional vectors of
length one. We parametrize them with an angle ϕ where
0 and 2π are identified. We use a D-dimensional (hy-
per) cubic Euclidean space-time lattice. For instance, for
D = 2, we use a square lattice. The sites are denoted
x = (x1, x2, . . . xD), with xD = τ , the Euclidean time
direction. The total number of sites is denoted V and we
assume periodic or open boundary conditions. If we take
the time continuum limit, we obtain a quantum Hamil-
tonian formulation in D − 1 spatial dimensions.
In terms of the generic notations introduced in Sec. II,
the field configurations are Φ = {ϕx}x. The integration
measure is normalized to one and reads∫
DΦ =
∏
x
∫ π
−π
dϕx
2π
, (11)
and the action
S[Φ] = −β
∑
x,i
cos(ϕx+iˆ − ϕx), (12)
where iˆ denotes a unit vector in the positive i-th direc-
tion. The invariance requirements for the action and
measure of Eq. (2) are satisfied for the global shift
ϕ′x = ϕx + α. (13)
This implies that for a function f of N variables
〈f(ϕx1 , . . . , ϕxN )〉 = 〈f(ϕx1 + α, . . . , ϕxN + α)〉. (14)
Since f is 2π-periodic in its variables and can be ex-
pressed in terms Fourier modes, this can be reduced to
〈exp(i(n1ϕx1 + . . . nNϕxN ))〉 = (15)
exp((n1 + . . . nN )α)〈exp(i(n1ϕx1 + . . . nNϕxN ))〉.
This implies that if
N∑
n=1
ni 6= 0, (16)
then
〈exp(i(n1ϕx1 + · · ·+ nNϕxN ))〉 = 0. (17)
We will show that this selection rule can be explained by
a microscopic continuity equation that is manifest in the
tensor formulation that we proceed to discuss.
3B. The tensor formulation
The basic aspects of the tensor reformulation of the
O(2) model have been discussed in Refs. [7–9]. We briefly
review the main results. It borrows tools from duality
constructions [26]. At each link, we use the Fourier ex-
pansion
eβ cos(ϕx+iˆ−ϕx) =
+∞∑
nx,i=−∞
einx,i(ϕx+iˆ−ϕx)Inx,i(β) , (18)
where the In are the modified Bessel functions of the first
kind. This attaches an index nx,i at each link coming out
of x in the positive i-th direction. It is then possible to
integrate over the ϕx and rewrite the partition function
as the trace of a tensor product:
Z = IV0 (β)Tr
∏
x
T x(nx−1ˆ,1,nx,1,...,nx,D). (19)
The local tensor T x has 2D indices. The explicit form is
T x(nx−1ˆ,1,nx,1,...,nx−Dˆ,D ,nx,D)
= (20)√
tnx−1ˆ,1tnx,1 , . . . , tnx−Dˆ,D tnx,D × δnx,out,nx,in ,
with the definitions
tn ≡ In(β)/I0(β)
nx,in ≡
∑
i
nx−iˆ,i (21)
nx,out ≡
∑
i
nx,i,
where the sums over i run from 1 to D. The Kronecker
delta in Eq. (20)∑
i
(nx,i − nx−iˆ,i) = 0, (22)
is a discrete version of Noether current conservation Eq.
(7) if we interpret the nx,i with i < D as spatial current
densities and nx,D as a charge density.
The insertion of various einQϕx is required in order to
calculate the averages function of Eq. (15). This can
be done by inserting an “impure” tensor instead of the
usual one at the location x. This tensor only differs from
the “pure” tensor of Eq. (20) by the Kronecker symbol
replacement
δnx,out,nx,in → δnx,out,nx,in+nQ . (23)
In Eq. (19), the trace is a sum over all the link in-
dices. We need to specify the boundary conditions. Peri-
odic boundary conditions (PBC) allow us to keep a dis-
crete translational invariance. As a consequence the ten-
sors themselves are translation invariant and assembled
in the same way at every site. Open boundary condi-
tions (OBC) can also be implemented by introducing new
tensors that can be placed at the boundary. Their con-
struction is similar to the tensors in the bulk. The only
difference is that there are some links which could be at-
tached at sites on the boundary and are missing. With
the normalization introduced in Eq. (20) the indices car-
rying a zero index carry a unit weight and we can take
into account the missing links at the boundary by setting
their corresponding indices to zero.
At finite β, the ratios of Bessel functions tn defined
in Eq. (21) decay rapidly with n and it is justified to
introduce a truncation. If any of the indices in a tensor
element is larger in magnitude than a certain value nmax,
we approximate the tensor by zero. The main question
addressed here is to decide if this type of truncation is
compatible with the symmetries.
C. Microscopic explanation of the selection rule
In this subsection, we provide a microscopic derivation
of the selection rule Eq. (16). In absence of insertions
of einQϕx , the Kronecker delta at the sites can be inter-
preted as a divergence-free condition. If we enclose a site
x in a small D-dimensional cube, the sum of indices cor-
responding to positive directions (nx,out) is the same as
the sum of indices corresponding to negative directions
(nx,in). For instance in two dimensions, the sum of the
left and bottom indices equals the sum of the right and
top indices. We can “assemble” such elementary objects
by tracing over indices corresponding to their interface
and construct an arbitrary domain. Each tracing au-
tomatically cancels an in index with an out index and
consequently, at the boundary of the domain, the sum
of the in indices remains the same as the sum of the out
indices.
We can now repeat this procedure with insertions of
einQϕx . Each insertion adds nQ, which can be positive
or negative, to the sum of the out indices. We can apply
this bookkeeping on an existing tensor configuration un-
til we have gathered all the insertions and we reach the
boundary of the system. For PBC, this means that all
the in and out indices get traced in pairs at the boundary.
This is only possible if the sum of the inserted charges is
zero. Eq. (16) tells us that when it is not the case, the
average is zero. For OBC, all the boundary indices are
zero and the same conclusions apply.
In summary we have shown that the selection rule in
Eq. (16) is a consequence of the Kronecker delta appear-
ing in the tensor and is independent of the particular
values taken by the tensors. So if we set some of the ten-
sor elements to zero as we do in a truncation, this does
not affect the selection rule.
D. Hamiltonian formulation
The transition from the Lagrangian formulation con-
sidered above, to the quantum Hamiltonian formulation
4can be achieved by using the transfer matrix. As shown
in Ref. [23], the transfer matrix can be constructed by
taking all the tensors on a time slice and tracing over
the spatial indices. With either PBC or OBC, there is
no flow of indices in the spatial directions. Consequently
the sum of the time indices going in the time slice equals
the sum of the indices going out. This conserved quan-
tity can be identified as the charge of the initial or final
state and the transfer matrix commutes with the charge
operator which counts the sum of the in or out indices.
Consequently, setting some matrix elements to zero if
some of the local indices exceeds some value nmax in ab-
solute value will not affect this property. The transfer
matrix can be used to define an Hamiltonian by taking
an anisotropic limit where β becomes large on time links
and the Hamiltonian will inherit the properties of the
transfer matrix.
In the rest of this subsection, we restrict the discussion
to D = 1 where the operator formalism is transparent.
In addition we impose periodic boundary conditions in
the Euclidean time direction. The tensor reads
Tnx,nx−1 = tnx(β)δnx,nx−1 , (24)
and represents the diagonal transfer matrix. In the limit
of large β, tn(β) ≃ 1− n
2/2β and if we identify the time
lattice spacing with 1/β, we find the rotor spectrum with
energies En = n
2/2. The value of the conserved charge
n is often called the angular momentum of the rotor.
For periodic boundary conditions, the partition function
is the trace of the Nτ power of the transfer matrix. If
we insert eiϕx in the functional integral, the charge n in-
creases by 1 and the trace is zero unless we insert e−iϕx+y
or a product of having the same effect. So for D = 1, the
selection rule Eq. (16) is immediate. For visualization
purpose, the transfer matrix evolves an initial state which
is placed on the right of the operator as a ket vector and
the left indices refer to the future.
In the Hamiltonian formalism, we introduce the angu-
lar momentum eigenstates which are also energy eigen-
states
Lˆ |n〉 = n |n〉 , (25)
Hˆ |n〉 =
n2
2
|n〉 .
We assume that n can take any integer value from −∞
to +∞. As Hˆ = (1/2)Lˆ2, it is obvious that
[Lˆ, Hˆ ] = 0. (26)
The insertion of eiϕx in the path integral, translates into
an operator êiϕ which raises the charge as in Eq. (23)
êiϕ |n〉 = |n+ 1〉 , (27)
while its Hermitean conjugate lowers it
(êiϕ)† |n〉 = |n− 1〉 . (28)
This implies the commutation relations
[L, êiϕ] = êiϕ, [L, êiϕ
†
] = −êiϕ
†
, (29)
and
[êiϕ, êiϕ
†
] = 0. (30)
We now discuss the effect of a truncation on these al-
gebraic results. By truncation we mean that there exists
some nmax for which
êiϕ |nmax〉 = 0, and (êiϕ)
† |−nmax〉 = 0. (31)
If we now study the commutation relation with this
restriction, we see that the only changes are
〈nmax| [êiϕ, êiϕ
†
] |nmax〉 = 1, (32)
〈−nmax| [êiϕ, êiϕ
†
] |−nmax〉 = −1,
instead of 0. The important point is that the truncation
does not affect the basic expression of the symmetry in
Eq. (26). It only affects matrix elements involving the
êiϕ operators but not in a way that contradicts charge
conservation. For a related discussion of the algebra for
the O(3) model see Ref. [27]. Related deformations of
the original Hamiltonian algebra appear in the quantum
link formulation of lattice gauge theories [28]. It should
also be noticed that Eqs. (29) and (30) correspond to the
M(2) algebra, the rotations and translations in a plane.
Its representations are infinite dimensional with matrix
elements given in terms of Bessel functions [29].
IV. EXAMPLE 2: THE COMPACT ABELIAN
HIGGS MODEL
A. The model and its symmetries
Having shown that the truncation preserve the sym-
metries of the O(2) model, we now proceed to discuss
the question in its gauged version, the “compact Abelian
Higgs model”. By “compact” we mean that both the
gauge field and the matter field are compact fields. On
the matter side, the Brout-Englert-Higgs mode has been
decoupled and the Nambu-Goldstone mode is ϕx as in
the O(2) model. For more details about the decoupling
of the Brout-Englert-Higgs field see Ref. [24]. The gauge
fields are located on the links and are denoted Ax,ˆi. The
integration measure becomes∫
DΦ =
∏
x
∫ π
−π
dϕx
2π
∏
x,i
∫ π
−π
dAx,i
2π
. (33)
The action splits into a matter part
Smatter[Φ] = −β
∑
x,i
cos(ϕx+iˆ − ϕx +Ax,i), (34)
5and a gauge part
Sgauge = −βp
∑
x,i<j
cos(Ax,i +Ax+iˆ,j −Ax+iˆ+jˆ,i −Ax,j).
(35)
The symmetry of the O(2) model becomes local
ϕ′x = ϕx + αx (36)
and these local changes in Smatter are compensated by
the gauge field changes
A′x,i = Ax,i − (αx+iˆ − αx), (37)
which also leave Sgauge invariant. The measure in Eq.
(33) is invariant under these local shifts.
The general consequence of symmetries expressed by
Eq. (5) can again be applied to Fourier modes. We find
that for every site x, if we have indices such that
n+
∑
i
mi −
∑
i
m˜i 6= 0, (38)
then
〈exp(i(nϕx +
∑
i
miAx,i +
∑
i
m˜iAx−iˆ,i)〉 = 0. (39)
This is nothing but the statement that non gauge-
invariant observables have a zero expectation value. By
applying this restriction to every site, we end up with ob-
servables such as Wilson loops or Wilson lines attached to
suitable powers of eiϕx . Even though we might not want
to calculate the average of non gauge-invariant observ-
able, it is legitimate to ask if truncations could generate
non-zero average values for gauge-variant observables.
B. Tensor formulation
The tensor formulation of this model has been dis-
cussed extensively in Ref. [24] and used to propose cold
atom simulations for the model [25]. In the following we
focus on aspects relevant to a possible symmetry break-
ing. In order to calculate the partition function, we ex-
pand all the Boltzmann weights using Eq. (18) and keep-
ing the fields with exactly the same signs as in the cosine
functions in the action. This introduces discrete quan-
tum numbers nx,i for the links, just the same as for O(2),
and additional quantum numbers mx,i,j associated with
the plaquette with corners (x, x+ iˆ, x+ iˆ+ jˆ, x+ jˆ) and
i < j. Comparing with Eq. (35), we see that the gauge
fields on the lowest numbered positive direction coming
out of x come with a positive sign and those with the
largest numbered positive direction with a minus sign.
We now integrate over the gauge fields. If we use the
convention
mx,i,j = −mx,j,i, (40)
when i > j and in addition mx,i,i=0, then it is clear that∑
i,j
= mx,i,j = 0. (41)
We can write the selection rules in a very compact way:
nx,i =
∑
j
(mx,j,i −mx−jˆ,j,i). (42)
If we plug this relation in
∑
i(nx,i − nx−iˆ,i), it is auto-
matically zero because of Eq. (41) and we recover the
discrete version of Noether current conservation for the
O(2) model. This is a discrete version of ∂µ∂νF
µν = 0.
Eq. (42) shows that the quantum numbers associated
with the links (nx,i) are completely determined by the
quantum numbers of the plaquettes (mx,i,j) which play
the role of dual variables [26] but with additional inter-
actions given by Sgauge. The states of the Hilbert space
for the transfer matrix and the associated Hamiltonian
when we take the time continuum limit depend only on
the mx,i,j.
So far we have only performed the integration over the
gauge fields. However, the matter field φx appears in ex-
ponentials multiplied by
∑
i(nx,i − nx−iˆ,i) which we just
argued is zero because of Eq. (42). Consequently, the in-
tegration over the matter fields is trivial and produces a
factor 1. Note that we did not fix the gauge and that the
procedure is manifestly gauge invariant. The fact that
the matter fields play no role here can be interpreted as
a consequence of the fact that they can eliminated from
the action by a gauge transformation, but we did not fix
the gauge.
C. Interpretation of the selection rule
In the case of the global symmetry previously dis-
cussed, we found that if the sum of the inserted charges
in the full D-dimensional space-time volume is non zero,
then there is a flow at the boundary clashing with PBC
or OBC and the average can only be zero. In the case of
the local symmetry, the selection rule is microscopic and
applies to a unit D-dimensional cube enclosing any site.
The reason gauge-variant expressions are zero is sim-
ple. For instance, it is easy to show that
〈eiϕx〉 = 0, (43)
in agreement with Elitzur’s theorem [30]. We proceed as
before and integrate over the gauge fields, and all the ϕ’s
except for ϕx. If we now insert e
iϕx in the functional
integral, this is the only part that contains ϕx since we
just explained that other dependence on ϕx disappears
and the integration over ϕx produces 0 in agreement with
Eq. (39). In order to cancel eiϕx , we need to insert
another contribution, for instance e−i(Ax,1+ϕx+1ˆ), which
allows us to escape the consequences of Eq. (39) at x and
x+1ˆ. This modifies the gauge integration and introduces
6non-zero values for
∑
i(nx,i − nx−iˆ,i) which cancel the
insertions of ϕx and ϕx+1ˆ.
This mechanism persists after truncation of the Hilbert
space parametrized in terms of the mx,i,j: Eq. (42) and
its consequence that we just discussed remain valid for a
restricted set of mx,i,j. Numerical studies of truncations
in Lagrangian and Hamiltonian forms can be found in
Refs. [25, 31].
V. EXTENSIONS OF THE RESULTS
A. Discrete symmetries
The results presented in Secs. III and IV extend easily
to the case of discrete Abelian symmetries like Zn where
the shifts α in Eqs. (13) and (36) are restricted to integer
multiples of 2π/n. With that restriction, some product
of Fourier modes that must have a zero expectation value
for the full U(1) symmetry may become non-zero if the
sum of the Fourier mode vanishes modulo n. In a similar
way, the Kronecker deltas apply modulo n.
More generally, we never used infinitesimal transfor-
mations and as explained in Sec. II, the measure and
the action are invariant under the entire group of sym-
metry. The main difference in the treatment of discrete
subgroups is that the sums are already finite in the orig-
inal theory.
B. Non-Abelian global symmetries
For the O(3) model, the Fourier modes are replaced
by spherical harmonics. For a specific global rotation R,
Eq. (15) becomes
〈Yℓ1m1(θx1 , ϕx1) . . . YℓNmN (θxN , ϕxN )〉 = D
ℓ1
m1m
′
1
(R)
. . . DℓN
mNm
′
N
(R)〈Yℓ1m′1(θx1 , ϕx1) . . . YℓNm′N (θxN , ϕxN )〉,
where the Dℓmm′(R) are the matrices corresponding to
the ℓ representation and the m′i indices are summed from
−ℓi to ℓi. By using iteratively the Clebsch-Gordan series,
the expectation value can be decomposed into a sum of
irreducible representations, and only the singlets are al-
lowed to get a non-zero expectation value.
Arbitrary truncations are likely to generate non-zero
expectation values for the non-singlets. However, if we
keep irreducible representations at each link, in other
words, if we keep all the m’s corresponding to a given
ℓ ≤ ℓmax , Eq. (3.12) of Ref. [7] shows that the trunca-
tion in ℓ respects the global symmetries. This is because
ℓ∑
m=−ℓ
Y ⋆ℓm(θ, ϕ)Yℓm(θ
′, ϕ′), (44)
is invariant under global rotations. It seems possible to
extend the argument beyond this special example.
C. Pure gauge Abelian models
The pure gauge U(1) model can be obtained by taking
the limit β → 0 in Eq. (34). The ϕx fields disappear
from the action and their integration results in a factor
1. In the compact Abelian Higgs model, the link indices
nx,i associated with the φ interactions are completely de-
termined by the plaquette indices mx,i,j as shown in Eq.
(42). When we insert eiAx,i in the functional integral,
an additional term is introduced in Eq. (42) and it con-
flicts with
∑
i(nx,i − nx−iˆ,i) = 0 which is independently
enforced by the ϕx integration. Consequently, for the
compact Abelian Higgs model we have
〈eiAx,i〉 = 0, (45)
in agreement with Elitzur’s theorem [30].
Extra work is needed in order to show that a simi-
lar equation is true in the pure gauge limit and that it
is respected by truncations. This can be achieved by as-
sembling tensors surrounding a given site x in a way that
is compatible with a selection rule. Following Ref. [7],
we use 2D A-tensors with 2(D−1) legs. Each A-tensor is
associated with a link coming out of the site x and its legs
are orthogonal to this link. We assemble these A-tensors
by connecting them with B-tensors in the middle of the
plaquettes attached to x. Geometrically, the A-tensors
form the boundaries of a D-dimensional cube. Graphical
representations can be found in Ref. [7]. The A-tensors
provide a Kronecker delta that is a discrete version of
∂µF
µν = 0. It is expressed with a specific sign convention
in Eq. (42) with nx,i = 0. The weight Im(βpl) appearing
in the Fourier expansion of the Boltzmann weights of the
plaquette interactions can be moved to the B-tensor and
plays no role in the discussion.
We can now imitate the procedure of Sec. III and
assign “in” and “out” qualities to the legs of the A-
tensors. For a given pair of directions i and j, there are
8 types of legs for the A-tensors that we label [(x, i),±jˆ],
[(x − iˆ, i),±jˆ], [(x, j),±iˆ], and [(x − jˆ, j),±iˆ]. The pair
of indices appearing first refers to the links where the A-
tensor is attached and the second index to the direction
of the leg which can be positive or negative. The [(x, i), jˆ]
with i < j are given an out assignment. There are three
operations that swap in and out: changing (x, i) into
(x− iˆ, i), changing jˆ into −jˆ and interchanging i and j. A
detailed inspection shows that this assignment gives con-
sistent in-out assignments at the B tensors and that the
assignment is compatible with the sign partition used in
Eq. (42). Consequently, the Kronecker delta appearing
at any link is independently enforced by the Kronecker
deltas on the 2D − 1 other links attached to x and if we
insert eiAx,i the conditions become incompatible which
implies Eq. (45). Again the argument is based on the
selection rules and is independent of the specific values
of the tensors for any set of allowed indices.
7VI. CONCLUSIONS
In summary, we have discussed the way symmetries
are implemented in TFT for two models with a continu-
ous Abelian symmetry. In both cases, we found that the
truncation of the tensorial sums are compatible with the
general identities reflecting the symmetries. By approx-
imating some of the tensors with high indices by zero,
we do not break these symmetries. The only way to do
that would be to introduce new tensors which explicitly
break the conservations laws at the sites or links. For
numerical calculations, this implies for instance that it
is possible to get a zero magnetization in the symmet-
ric phase when a symmetry breaking term is set to zero.
This is illustrated in Fig. 4 of Ref. [8].
For the models considered here, the symmetry is en-
coded in Kronecker deltas build in the tensors and lo-
cated at the vertices of graphs that cover either the entire
space-time lattice for global symmetries, or are enclosed
in a D-dimensional cube for local symmetries. An in-
tuitive picture of the way the Abelian symmetries are
realized can be obtained by considering the sampling of
the tensor configurations that can be performed using the
worm algorithm [23, 32–34]. In this sampling algorithm,
the worm carries a discrete charge which is conserved at
each vertex following the Kronecker delta prescription.
Restricting options at the vertices does not conflict with
the charge conservation.
Unlike Nother’s standard field theoretical construction,
our construction does not rely on taking infinitesimal
symmetry transformations. The character expansions re-
quire the full group. Consequently everything we did
applies to discrete subgroups. For global non-Abelian
symmetries, the truncation must keep a certain number
of irreducible representations and combine the weights in
a way that is manifestly invariant before the field inte-
grations are performed, as we showed explicitly for the
O(3) sigma model. It seems possible to extend this con-
struction in more general circumstances.
Fermions are more complicated, because if we try to
derive equations similar to Eq. (42), the indices associ-
ated to the fermions only take a finite number of values.
As fermionic theories are under construction in the ten-
sor language [11–13, 18, 19], this is work for the future.
The TFT formulation of the non-Abelian Higgs model
has been recently discussed and used for numerical pur-
poses [21]. It would be interesting to try to generalize the
construction of Sec. IV for SU(2). Another question of
interest would be to understand the relationship of trun-
cated tensor methods with quantum link models [28, 35]
or matrix product states [36].
The fact symmetries are preserved by truncations
means that it is advantageous to keep these symmetries
exactly in numerical formulations for instance in TRG
calculations. A simple example where it is possible is
given in Ref. [6] for the Ising model where sectors of dif-
ferent charges can be separated explicitly. In quantum
computations and quantum simulations experiments, it
is desirable to have formulations with a minimal numbers
of local degrees of freedom compatible with the symme-
tries. One can than expect to recover the result charac-
terizing the universality class in the continuum limit. In
noisy quantum computations, symmetry breaking is ex-
pected to occur generically and mix the energy sectors.
If this symmetry breaking represents a relevant direction
of the renormalization group flows and can be varied, re-
sults for different levels of noise and different size systems
could be analyzed using finite size scaling. Alternatively,
one might try to design qubits assignments such that the
mixing of the energy sectors is impossible.
ACKNOWLEDGMENTS
We thank R. Brower, E. Gustafson, S. Lloyd, W. Poly-
zou, J. Unmuth-Yockey, and F. Verstraete for stimulat-
ing questions. This work was supported in part by the
U.S. Department of Energy (DOE) under Award Num-
bers de-sc0010113, and de-sc0019139.
[1] T. Nishino and K. Okunishi,
Journal of the Physical Society of Japan 65, 891 (1996).
[2] M. Levin and C. P. Nave,
Phys. Rev. Lett. 99, 120601 (2007).
[3] Z.-C. Gu and X.-G. Wen,
Phys. Rev. B80, 155131 (2009).
[4] Z. Y. Xie, H. C. Jiang, Q. N. Chen, Z. Y. Weng, and
T. Xiang, Phys. Rev. Lett. 103, 160601 (2009).
[5] Z. Y. Xie, J. Chen, M. P. Qin, J. W. Zhu, L. P. Yang,
and T. Xiang, Phys. Rev. B 86, 045139 (2012).
[6] Y. Meurice, Phys. Rev. B87, 064422 (2013).
[7] Y. Liu, Y. Meurice, M. P. Qin, J. Unmuth-Yockey,
T. Xiang, Z. Y. Xie, J. F. Yu, and H. Zou,
Phys. Rev. D88, 056005 (2013).
[8] J. F. Yu, Z. Y. Xie, Y. Meurice, Y. Liu, A. Den-
bleyker, H. Zou, M. P. Qin, and J. Chen,
Phys. Rev. E89, 013308 (2014).
[9] A. Denbleyker, Y. Liu, Y. Meurice, M. P. Qin,
T. Xiang, Z. Y. Xie, J. F. Yu, and H. Zou,
Phys. Rev. D89, 016008 (2014).
[10] G. Evenbly and G. Vidal,
Phys. Rev. Lett. 115, 180405 (2015).
[11] Y. Shimizu and Y. Kuramashi,
Phys. Rev. D90, 074503 (2014).
[12] S. Takeda and Y. Yoshimura,
PTEP 2015, 043B01 (2015).
[13] Y. Shimizu and Y. Kuramashi,
Phys. Rev. D97, 034502 (2018).
[14] M. T. Fishman, L. Vanderstraeten, V. Zauner-
Stauber, J. Haegeman, and F. Verstraete,
8Phys. Rev. B 98, 235148 (2018).
[15] M. Bal, M. Marie¨n, J. Haegeman, and F. Verstraete,
Phys. Rev. Lett. 118, 250602 (2017).
[16] Y. Nakamura, H. Oba, and S. Takeda, arXiv 1809.08030
(2018).
[17] Y. Kuramashi and Y. Yoshimura, arXiv 1808.08025
(2018).
[18] Y. Yoshimura, Y. Kuramashi, Y. Nakamura, S. Takeda,
and R. Sakai, Phys. Rev. D97, 054511 (2018).
[19] D. Kadoh, Y. Kuramashi, Y. Nakamura, R. Sakai,
S. Takeda, and Y. Yoshimura, JHEP 03, 141 (2018).
[20] J. F. Unmuth-Yockey, Phys. Rev. D 99, 074502 (2019).
[21] A. Bazavov, S. Catterall, R. G. Jha, and J. Unmuth-
Yockey, (2019).
[22] M. Kalb and P. Ramond, Phys. Rev. D 9, 2273 (1974).
[23] H. Zou, Y. Liu, C.-Y. Lai, J. Unmuth-Yockey, A. Baza-
vov, Z. Y. Xie, T. Xiang, S. Chandrasekharan, S. W.
Tsai, and Y. Meurice, Phys. Rev. A90, 063603 (2014).
[24] A. Bazavov, Y. Meurice, S.-W. Tsai, J. Unmuth-Yockey,
and J. Zhang, Phys. Rev. D 92, 076003 (2015).
[25] J. Zhang, J. Unmuth-Yockey, J. Zeiher,
A. Bazavov, S.-W. Tsai, and Y. Meurice,
Phys. Rev. Lett. 121, 223201 (2018).
[26] R. Savit, Rev. Mod. Phys. 52, 453 (1980).
[27] F. Bruckmann, K. Jansen, and S. Ku¨hn,
Phys. Rev. D 99, 074501 (2019).
[28] R. Brower, S. Chandrasekharan, and U.-J. Wiese,
Phys. Rev. D 60, 094502 (1999).
[29] N. Vilenkin, Special Functions and the Theory of Group Representations ,
Translations of mathematical monographs (American
Mathematical Soc., 1978).
[30] S. Elitzur, Phys. Rev. D 12, 3978 (1975).
[31] J. Unmuth-Yockey, J. Zhang, A. Bazavov, Y. Meurice,
and S.-W. Tsai, Phys. Rev. D98, 094511 (2018).
[32] N. Prokof’ev and B. Svistunov,
Phys. Rev. Lett. 87, 160601 (2001).
[33] D. Banerjee and S. Chandrasekharan,
Phys.Rev. D81, 125007 (2010).
[34] L.-P. Yang, Y. Liu, H. Zou, Z. Y. Xie, and Y. Meurice,
Phys. Rev. E93, 012138 (2016).
[35] S. Chandrasekharan and U. J. Wiese,
Nucl. Phys. B492, 455 (1997).
[36] M. C. Ban˜uls, K. Cichy, J. I. Cirac, K. Jansen, and
S. Ku¨hn, in 36th International Symposium on Lattice
Field Theory (Lattice 2018) East Lansing, MI, United
States, July 22-28, 2018 (2018).
